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Measures of Location

Recall the sample mean is the arithmetic mean of the data.

We often refer to this as the average of the data.
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Example: Sample Mean

Suppose we toss 2 fair coins a total of 15 times and observe:

• 0 heads 4 times
• 1 head 7 times
• 2 heads 5 times

What happens if we do this 1,000 times?  100,000 times?

Value of each event

Frequency of each event

Notice we can never
see 1.06 heads
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Moments of RVs: Expected Value

Definition The expected value of a RV    , denoted by          , is:

µX = E[X] =
∑

x

xP (X = x)

Summation / integral over all
values in domain of X

Example Let    be the sum of two fair dice, then:

E[X] = 2 ·
1

36
+ 3 ·

1

18
+ . . .+ 12 ·

1

36
= 7

if X is discrete.  If X is continuous then the expected value is given by: 

µX = E[X] =

∫
x p(X = x) dx

7



Example: Expected Value
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Example: Expected Value
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Moments of RVs: Expected Value

Theorem (Linearity of Expectations) If a and b are constants then,

µaX+b = E[aX + b] = aE[X] + b

Proof: µaX+b =

∫
(ax+ b)p(X = x) dx

= a

∫
xp(X = x) + b dx

= aE[X] + b

Corollary Setting a=0 we see that E[b]=b.
Corollary Setting b=0 we see that E[aX]=aE[X]
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Moments of RVs: Expected Value

Theorem (Linearity of Expectations) For any finite collection of 
discrete RVs                          with finite expectations,

Note This holds for any collection of random variables.  They do not 
need to be independent.
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Expectations of Functions

Definition The expected value of a function         denoted by              , is:g(X) E[g(X)]

E[g(X)] =

∫
g(x) p(X = x) dx

Ø The integral is over all values x

Ø Any function g(X) of a random variable X is also a random variable

Ø Therefore, any function g(X) has a probability distribution p(g(X)=g)
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Example: Expected Value of a Function
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Example: Expected Value of a Function
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Expected Value

Definition Consider a function of two random variables denoted,

g(X,Y )

E[g(X,Y )] =
∑

x

∑

y

g(x, y)P (X = x, Y = y)

The expected value of discrete X & Y is given by,

Or if X & Y are continuous,

E[g(X,Y )] =

∫ ∫
g(x, y)P (X = x, Y = y) dx dy
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Example
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Example
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Moments of RVs

Theorem: If X and Y are independent then

Proof: 

Example Let                                be RVs representing the result of rolling 
two fair standard die.  What is the mean of their product?

( Independence )

( Linearity of Expectation )
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Variance / Dispersion
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Moments of Discrete RVs: Variance

Definition The variance of a discrete RV     is defined as,

σ
2

X = Var[X] = E[(X −E[X])2]

The standard deviation is                             .σX =
√

Var[X]

(X-units)2

(X-units)

First compute the mean,

µ = E[X] =
∑

x

P (X = x) · x

Then compute variance as,

σ2

X = Var[X] =
∑

x

(x− µ)2 · P (X = x)
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Example: Variance
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Example: Variance
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Moments of Continuous RVs: Variance

Definition The variance of a continuous RV     is defined as,

σ
2

X = Var[X] = E[(X −E[X])2]

The standard deviation is                             .σX =
√

Var[X]

(X-units)2

(X-units)

First compute the mean,

µ = E[X] =

∫
x p(X = x) dx

Then compute variance as,

σ2

X = Var[X] =

∫
(x− µ)2 p(X = x) dx
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Moments of RVs

Lemma An equivalent form of variance is:

σ
2

X = Var[X] = E[X2]− (E[X])2

(Linearity of expectations)

(Algebra)

Proof Keep in mind that          is a constant, 
(Distributive property)
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Example: Variance
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Example: Variance
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Variance of a Function

Definition The variance of a function         denoted by              ,    is:g(X) Var[g(X)]

σ2
g(X) = Var[g(X)] =

∑

x

(g(x)−E[g(X)])2 · P (X = x)
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Example: Variance of a Function
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Moments of RVs: Covariance

Definition The covariance of two RVs    and    is defined as,

σXY = Cov(X,Y ) = E[(X −E[X])(Y −E[Y ])]

Ø Measures the relation between two random variables

Ø The sign of Cov(X,Y) indicates whether their relationship is positive or 
negative

Ø If X and Y are independent then Cov(X,Y)=0

Ø Cov(X,Y)=0 does not mean X and Y are independent
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Moments of RVs: Covariance

Theorem The covariance of two RVs    and    is given by,

σXY = Cov(X,Y ) = E[XY ]−E[X]E[Y ]
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Example: Covariance
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Example: Covariance
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Moments of RVs

Lemma For any two RVs    and    ,

e.g. variance is not a linear operator.

Proof
(Linearity of expectation)

(Distributive property)

(Linearity of expectation)

(Definition of Var / Cov)
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Moments of RVs

Question: What is the variance of the sum of independent RVs

Theorem: If              then                                 .

Corollary: If              then                                 

E.g. variance is a linear 
operator for independent RVs
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Variance of a Linear Function

Theorem Let     and    be random variables.  The variance of the 
function aX + bY + c is given by,

σ2
aX+bY+c = Var(aX + bY + c) = a2Var(X) + b2Var(Y ) + 2abCov(X,Y )

Corollary Setting b=0 we see that,

Var(aX + c) = a
2
Var(X)

Corollary Setting b=0 and c=0 we see that,

Var(aX) = a
2
Var(X)

So adding a constant c does not change the variance.
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Example
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Correlation

Definition The correlation of two RVs X and Y is given by,

where

Like covariance, only expresses linear relationships! 40



Example: Covariance
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correlation coefficient between X and Y.    



Example
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An Intuition About Variance

We expect a random variable with smaller variance to be more 
concentrated around the mean…
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Chebyshev’s Theorem

Ø E.g. for k=2 the RV X has a probability of at least 1-1/22=3/4 of falling 
within 2 standard deviations of the mean

Ø I.e. ¾ or more of the observations of any distribution lie in the 
interval 
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Example: Chebyshev’s Theorem

Chebyshev’s theorem makes no assumptions about the distribution p(X), 
so the bounds can be rather weak.
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