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Why Graphical Models?

Structure simplifies both representation and computation

Representation
Complex global phenomena arise by
simpler-to-specify local interactions

Computation
Inference / estimation depends only on
subgraphs (e.g. dynamic programming,
belief propagation, Gibbs sampling)




Example: Markov Chain

Suppose we have a chain graph...

(—()—()—

...and want to calculate the marginal on B

PB)=>, >..>.,P(a,B,c,d)

For K-valued variables this is O(K*), but we can also do this as:

P(B) = )., p(a)p(B | a)_l This is: O(K?)

I—> K-vector X K-by-K matrix



Example: Markov Chain

(—()—()—

Now we want to compute marginal on C...

P(C)=>_,>yp(a)p(|a)p(C|b)

=>,p(C|b)> . pla)pd|a) ( Distributive property )

Thisis: O(K?) | =), p(C | b)p(b) ( Law of total probability )
I—> Already computed this
By the same logic, marginal on D is: Compute all

marginals A,B,C,D in:
Also: O(K?) P(D) = )_.p(D | c)p(c) O(3K?)



Example: Markov Chain

For a collection of N variables..

Nalve computation of all marginals: N-1 Summations takes O(K™ ") time
P(X,) = le Zm . an_l anﬂ .. .ZxN P(x)
I—>Skip over X,

O(K")total time and redundant computations
Sequential calculation takes O(N K?) time—linear in N:

P(Xn) — an_l p(xn—l)p(Xn | xn—l)

I—> Reuses computation from marginal on X, ,



Example: Markov Chain

O —0—0—0
ma(b) mp(c) me (D)

Suppose we just care about marginal on D:
P(D) = 2,22 P(a)P(b|a)P(c|b)P(D |c)
=> . P(D|c)> ,P(c|b))>  Pla)P(b|a) (Distributive property )
“—v

J

— Zc P(D ‘ C) Zb P(C ’ b)mA(ZZ) We compute all marginals
—v as we go since:
=Y P(D|c¢)mgp(c) malb) = o)
—, J mp(c) = P(c)

mc (D)



Example: Markov Chain

(W) )—

Convert Bayes net to MRF by ignoring local normalization:
P(A,B,C,D) x ¢(A)y(B, A)yY(C, B)yp(D, C)



Example: Markov Chain

O —0—0—0
ma(b) mp(c) me (D)

Convert Bayes net to MRF by ignoring local normalization:
P(A,B,C, D) x (A)yp(B, A)p(C, B)y(D,C)
Repeat same procedure on MRF (we do not assume normalization):

P(D) o< ) . v(e, D) 3., ¥(b,c) 2., ¥(a, b)ip(a)
Sy )

P(D) o< ) (e, D) 3, (b, c)ma(b)
P(D) x 2 . ¥(c, D)ymp(c)
P(D) « mC(D)



Bayes Net > MRF

ConS G ==

Added edges marry

@ parents (moralization)
@ Job Job

P(-)=P(D)P(E)P(G | D,E)P(S | E)P(L|G)P(J|S,L)P(H | J,G)

% Drop local normalization

P(-) < p(D)(E)Y(G, D, E)y(S, E)Y(L, G)y(J, 5, L)y(H, J,G)




Variable Elimination Algorithm

What is the probability of getting a job?
P(J) — Zdze Zh Zg Zs Zl P(d,e,h,g,s,l,J)

Iteratively eliminate nuisance variables...

P(D.E.H,G,S,L,J) x y(D)y(E)Y(G, D, E)
(S, )Y (L, G)y(J, S, L)Y(H, J, G)



Variable Elimination Algorithm

Choose elimination ordering: D, E,. H,G, S, L

P(D.E.H,G,S,L,J) x y(D)y(E)Y(G, D, E)
(S, )Y (L, G)y(J, S, L)Y(H, J, G)



Variable Elimination Algorithm

noose elimination ordering: D, E, H, G, S, L

iminate D (compute message D->(G,E)):

mp(G, E) = ;¥(d)v(d, G, E)

P(D,E,H,G,S,L,J) x (D)(E)(G,D,E)
(S, EYY(L,G)y(J, 8, L)Y(H, J,G)



Variable Elimination Algorithm

noose elimination ordering: D, E, H, G, S, L

iminate D (compute message D->(G,E)):

mp(G, E) = ;¥(d)v(d, G, E)

P(E,H,G,S,L,J) x mp(G, E)Y(FE)
(S, E)(L, G)y(J, S, L)y(H, J,G)



Variable Elimination Algorithm

Choose elimination ordering: D, E,. H,G, S, L

Eliminate D (compute message D> (G,E)):

mp(G, E) = Zd v(d)v(d, G, E)
Eliminate E (compute message E2>(G,S)):
mp(G,S) =3, mp(G,e)b(e)v(S,e)

P(E,H,G,S,L,J) x mp(G, E))(F)
(S, E)(L, G)(J, S, L)y(H, J,G)



Variable Elimination Algorithm

Choose elimination ordering: D, E,. H,G, S, L

Eliminate D (compute message D> (G,E)):

mp(G, E) = Zd v(d)v(d, G, E)
Eliminate E (compute message E2>(G,S)):
mp(G,S) =3, mp(G,e)b(e)v(S,e)

Eliminate H (compute message H->(G,J)):
mH(Ga J) — Zh w(ha J) G)

Letter

Job

P(H,G,S,L,J) x mg(G,S)yY(L,G)
¥(J, S, L)Y(H, J,G)



Variable Elimination Algorithm

Choose elimination ordering: D, E,. H,G, S, L

Eliminate D (compute message D> (G,E)):

mp(G, E) = Zd v(d)v(d, G, E)
Eliminate E (compute message E2>(G,S)):
mp(G,S) =3, mp(G,e)b(e)v(S,e)

Eliminate H (compute message H->(G,J)):
mH(Ga J) — Zh w(ha J) G)

Letter

Job

P(H,G,S,L,J) x mg(G,S)Y(L,G)
W(J, S, L)Y (H, J,G)



Variable Elimination Algorithm

Choose elimination ordering: D, E,. H,G, S, L

Eliminate D (compute message D> (G,E)):

mp(G, E) = Zd v(d)v(d, G, E)
Eliminate E (compute message E2>(G,S)):
mp(G,S) =3, mp(G,e)b(e)v(S,e)

Eliminate H (compute message H->(G,J)):
mH(Ga J) — Zh w(ha J) G)

P(G,S,L,J) x my (G, J)mg(G,S)y(L,G)
W(J, S, L)



Variable Elimination Algorithm

Choose elimination ordering: D, E,. H,G, S, L

Eliminate D (compute message D> (G,E)):

mp(G, E) = 3,0 (d)é(d, G, E)
Eliminate E (compute message E2>(G,S)):
mp(G,S) =, mp(G,e)(e)y(S,e)
Eliminate H (compute message H->(G,J)):

mH(G7 J) — Zh lb(h, J, G)
Eliminate G : mqa(J,5,L) =3, mu(g, J)me(g,S)¥(L, g)

Letter

P(G,S,L,J) x myg(G,J)mg(G,S)y(L,G)
W(J, S, L)



Variable Elimination Algorithm

Choose elimination ordering: D, E,. H,G, S, L

Eliminate D (compute message D> (G,E)):

mp(G, E) = 3,0 (d)é(d, G, E)
Eliminate E (compute message E2>(G,S)):
mp(G,S) =, mp(G,e)(e)y(S,e)
Eliminate H (compute message H->(G,J)):

mH(G7 J) — Zh lb(h, J, G)
Eliminate G : mqa(J,5,L) =3, mu(g, J)me(g,S)¥(L, g)

P(S,L,J) oxmg(J, 5, L)(J, S, L)



Variable Elimination Algorithm

Choose elimination ordering: D, E,. H,G, S, L

Eliminate D (compute message D> (G,E)):

mp(G,E) =Y, ¢(d)(d,G, E)
Eliminate E (compute message E2>(G,S)):

mp(G,S) =, mp(G,e)(e)y(S,e)
Eliminate H (compute message H->(G,J)):
mp(G,J) =), ¥(h, J,G)
Eliminate G : mq(J,S,L) =, mu(g, J)mge(g, S)¢Y(L, g)
Eliminate S: mg(J,L) =>__ mag(J,s,L)Y(J,s, L)

P(S,L,J) x mg(J,S, L)y(J,S, L)



Variable Elimination Algorithm

Choose elimination ordering: D, E,. H,G, S, L

Eliminate D (compute message D> (G,E)):

mp(G,E) =3, ¥(d)y(d, G, E)
C _ @ ms(J, L)
Eliminate E (compute message E2>(G,S)):
mp(G.S) = 5, mp (G, )(e)i(S. ) e >

P(L,J) x mg(J, L)

Eliminate H (compute message H->(G,J)):
mp(G,J) =), ¥(h, J,G)
Eliminate G : mq(J,S,L) =, mu(g, J)mge(g, S)¢Y(L, g)
Eliminate S: mg(J,L) =>__ mag(J,s,L)Y(J,s, L)

Eliminate L: mp(J) =), ms(J,])




Variable Elimination Algorithm

noose elimination ordering: D, E, H, G, S, L

iminate D (compute message D->(G,E)):
mp(G,E) =Y, ¢(d)(d,G, E)

Eliminate E (compute message E2>(G,S)):

mp(G,S) = >_.mp(G,e)(e)y(S,e)

Eliminate H (compute message H->(G,J)):

E
E

E

mp(G,J) =), ¥(h, J,G)
iminate G : mqg(J,5,L) =, mu(g,J)me(g,S)¥(L, g)
iminate S: mgs(J,L) =>__mg(J,s,L)Y(J,s, L)
iminate L: mp(J) =>_,mgs(J,1) < P(J)

P(J) oc my(J)



Conditional Inferences

What is the probability of getting a job,
given your grade?
P(J,L)
P(L)

P(J|L) =

Use variable elimination to compute both
terms in ratio

Suppose we do several inferences, e.qg. P(D) then P(J)...

» Need to run variable elimination independently for each

» Variable elimination does not cache redundant computations
» We will see how to do this with the Junction Tree Algorithm



Accounting for Evidence

What if we observe a node (e.q. Letter=I)?

P(J,.L =1)
P(L =1)

P(J|L=1)=

Step 1: Clamp L=l in any factor with L.:

P(D,E,H,G,S,L=1,J) x¢(D)p(E)Y(G, D, E)
(S, E)Y(L = 1,G)Y(J, S, L = )Y(H, J,G)

Just treat these as new factors, since we don’t care about normalizer:
V'(G) =y9(L=1,G) and Y'(J,8) =(J, 5, L =1)

Step 2: Remove L from elimination ordering



Computational Complexity

Main Points:

» \Worst-case complexity of variable elimination is exponential
in the number of latent variables

» Complexity is dependent on chosen elimination order



Computational Complexity

Consider eliminating E in the example...

mE(G,S) = ¥ jmp(G,e)i(e)d(S,e) |

Multiplication creates intermediate factor:

¢(5,G, E) = mp(G, E)Y(E)p(S, E)

_ _ P(E,H,G,S,L,J) x mp(G, E))(F)
Assuming all variables are K-valued, new B8, EYO(L. GV (. 8. LY (H, J.G)

factor ¢(S, G, E) has K* entries requiring

O(K?)

Complexity determined by size of the largest intermediate factor



Computational Complexity

Elimination order D, E, H, G, S, L

Worst-case
Complexity:

O(K?)




Computational Complexity

Elimination order D, E, H, G, S, L

Worst-case
Complexity:

O(K?)




Computational Complexity

Elimination order D, E, H, G, S, L

Fill-in Edge

Worst-case
Complexity:

O(K?)

o(E,G,S) = O(K?)



Computational Complexity

Elimination order D, E, H, G, S, L

Worst-case
Complexity:

O(K?)

o(H,G,J)=O(K?)



Computational Complexity

Elimination order D, E, H, G, S, L

Worst-case
Complexity:

O(K*?)

&(G, S, L, J) = O(K*)



Computational Complexity

Elimination order D, E, H, G, S, L

Worst-case
Complexity:

OK) <>

SAT

Job

o(S,L,J) = O(K?)



Computational Complexity

Elimination order D, E, H, G, S, L

Worst-case
Complexity:

-
=

¢(La J) — O(Kz)



Computational Complexity

Elimination order D, E, H, G, S, L

Worst-case What if we choose a
Complexity: different elimination order?
O(K*?)

¢(La J) — O(Kz)



Computational Complexity

Eliminate G first...

Complexity
depends on
elimination order...
Worst-case
Complexity:
O(K 6)
For N variables

worst case IS:
O(K N )

¢(G,D,E,L,H,J) = 0O(K")



Optimal Ordering

The induced graph is the union of all graphs
generated running variable elimination:

e.g.orderingD, E,H, G, S, L Fill-in_ o=

Theorem (Informally) Given some
elimination ordering:

1. Scope of every factor generated during variable
elimination is a clique in the induced graph

2. Every maximal clique in the induced graph is a
scope of some intermediate factor (of var. elim.)

Induced graph cliques <¢————) |ntermediate factors

Induced graph (and complexity) depend strongly on elimination order



Optimal Ordering

Clique Tree

[ D,E,G ]




Optimal Ordering

Clique Tree @.‘ e

E,G
[ DE.G ]—[ E.G,S ]




Optimal Ordering

Clique Tree @’@

E.G G,S
(oo 12 {eos 22 {Gary)




Optimal Ordering

Clique Tree @
E,G G,S G,J
(oec o2 eos 22 {osis 2 oy )

Happy




Optimal Ordering

Clique Tree

E.G G,S G,J
[ D.E,G ]—[ E.G,S ]—[ G,S,L,J ]—[ H,G,J ]

Elimination order < induces graph with
maximal cliques C(<) and width:

w(<) = max |c|]—1
ceC(<)

> Complexity of variable elimination is O(K*(=)+1)
» Lowest complexity given by the treewidth:

" . It is NP-hard to compute treewidth,
w = 11111 Inax ’C’ —1 and therefore an optimal

< ceC(=) elimination order (of course...)



Variable Elimination Summary

» Variable elimination allows computation of marginals / conditionals
» Algorithm is valid for any graphical model

» Suffices to show variable elimination for MRFs, since Bayes nets -
MRFs by moralization

» Worst-case complexity is dependent on elimination order, and is
exponential in number of variables

» Optimal ordering = treewidth, is NP-hard to compute



Administrivia
* HW1 graded and returned

* HW2 Due Wed 9/30

* Likely fewer assignments than planned



Outline

» Sum-Product / Max-Product Algorithm



Markov Chain Revisited

Recall inference on the Markov chain...

O —n0—20—20
m 4 (D) mp(c) m¢ (D)

Inference viewed as passing messages e.g. B 2 C:
me(d) = 2. mp(c)i(c, d)

: J ; Compatibility
Incoming Message

Potential

Extends to inference on all tree-structured MRFs / factor graphs



Forward-Backward Algorithm

Pass messages forward/backward along chain..

52 5131 53 5132 51\7 1 SUN 2 51\7 LN — 1
041 5132 042 5133 OéN 2 SUN 1 OéN 1 CUN

Forward message:
ap-1(Tn) =2, | Gn—2(Tn-1)Y(Tn-1,2n)
Forward message:
Brt1(Tn) = an+1 Brnt2(Tn+1)¥(Tn, Tnt1)
Marginal probability:
p(rn) o< Qp—1(Tp)Bnr1(xn)



Forward-Backward Algorithm

Extends to HMM-style graphs with node observations...
Ba(x1) B3(x2) Br_1(zN_2) By(rn—1)

Forward message:

Oén—l(xn) — w<xna y?’b) Za:n_1

Forward message:

/8n+1(5cn) — Z$n+1 /67’1,—|—2 ($n+1)¢($m xn—l—l)w(ajn—l—la yn—l—l)




Forward-Backward Algorithm

X P(Y1;- -+ Yns Tn)

— p(yla <o Yn | iUn)p(ﬂ?‘n) ( Chain rule )

= p(Yn | Tn)PW1, -+ Yn—1 | Tn)p(TH) ( Conditional Independence )

— p(yn ) (yla cee s Yn— 1,33‘n) ( Chain rule)

= p(yYn | Tn) Z P(Y1s- s Yn—1,Tn—1,Tn) (Law of Total Probability )
Ln—1

=pWn | Tn) ¥ PWL - Yne1, Tn1)P(Tn | Tn_1)

Ty 1 ( Chain rule + Conditional Independence )

X w(ynaxn) Z an—Z(xn—l)w(xnaxn—l)

In—1



Forward-Backward Algorithm

/Bn—l—l(xn) X p(yn+1a ey YN | zn)

= Z P(Yntt,- -

Ln+1

= Z P(Ynat, -

Ln+1

= Z P(Ynat,- -

Ln4+1

— Z p(yn+2, .

Ln+1

s YN » Tn+1 ‘ CUn) ( Law of Total Probability )

y YN ‘ $n7$n+1)p($n+1 ’ Ql?n) ( Chain rule)

s YN | $n+1)p($n+1 ’ xn) ( Conditional Independence )

-y YN \ $n+1)p(yn+1 | $n+1)p($n+1 | élTn)

( Chain rule)

x Y Brt2(@ny 1) ¥(@ng1, Yns 1) (Tn, Tng)

LTni1



Forward-Backward Algorithm
Ba(x1) B3(x2) Br_1(zN_2) By(rn—1)

Forward message gives the filtered posterior:
an—1(Tn) X D(Y1s -+ s Yny Tn) X P(Tn | Y1, -+, Yn)

Smoothed posterior incorporates all observations:
P(Tn | Y15 YN) X P(Tn | Y15+ o Yn)P(Ynt1s - YN | Tn)

X Op—1(Tn)Brnt1(Tn)




Sum-Product Belief Propagation

Forward-Backward extends to any
tree-structured pairwise MRF

Marginal given by incoming
messages (e.g. node C):

Pass messages from leaves- G G
to-root, then root-to-leaves



Sum-Product Belief Propagation

Message updates depend only on Markov blanket...

Message () z@wst(xs, xt)wt(xt@p(t)\s Mt ()

Messages involve a sum over

Marginal p(fEt) X Py (fEt) err(t) Mt (ili't) products, hence the name “sum-

product algorithm”



Computational Complexity

Mys(Ts) = th Vst (Ts, T¢ ) (T4) HkEF(t)\s Mt (Tt)

N\ 7
V

¢(5U3733t)

For K-valued random variables X, and X,
intermediate factor ¢(x,, ;) is K-by-K matrix

Each message requires computation:
O(K?)

There are |E| edges so total computation is:
O(2|E|K?)



Non-Pairwise MRFs

Three-way clique:

Convert to tree-structured factor graph and redefine sum-
product messages



Notation Change

We will use slightly different notation for this section...

Previous Notation New Notation

Y(x) : Factors f(z) :Factors
m(x) : Messages u(x) : Messages




Sum-Product Belief Propagation

Sum-product extends to tree-
structured factor graphs

Key Observation

Any variable node X with N factors
splits graph into N subgraphs with no
shared variables

Approach

Recursively decompose into
subtrees and marginalize them




Sum-Product Belief Propagation

Two kinds of computations
marginalize different subtrees

Marginalize a sub-graph with a variable
node at its root using the marginals of
the sub-graphs attached to it.

Marginalize a sub-graph with a factor
node at its root using the marginals of
the sub-graphs attached to it.

Each root node (variable or factor) “waits” for all messages from its
children before being marginalized out



Sum-Product Belief Propagation

To the root (x) From the root (x)
> :m—b —_— C— +— D +—
O—a—(0O—a—( O—a—C0O—=0
A. l.
Factor-to-variable Variable-to-factor

Hf—z Hx— f



Factor-to-variable message

Let X be the variables of the sub-graph attached to a factor, f, (as root).

Denote the distribution of the sub-graph by F, (x,X,)

The message is the

Define the factor-to-variable message from f, to x by: marginal of the sub-
graph with respect to all

.U-f,;a,\-(x )= E F (x ’Xs) variables except x.
X,

Fq(z, Xs)




Variable-to-factor message

Let X, be the variables in the sub-graph attached to a variable, x (as root).

Denote the distribution of the sub-graph by G (JC,XS)

The message is the

Define the variable-to-factor message from x to f, by: marginal of the sub-
graph with respect to all

Uy s (x) = 2 G, (x=Xs) variables except x.
Xy




What a variable hode computes

The outgoing message to the factor, f,

from x, 1s exactly the same marginal as

Fy(x, Xs)

the previous, except we exclude f .

Hx—*f&; (x) = E 1_[ K (x’XS) *LL\»—’ f (x )

x/x s€ne(x)/f, .
y
I

*This is what it computes, but not how it does it
efficiently (i.e., as in the sum-product algorithm).



General variable node computation

The outgoing message to the factor, f,

from x, 1s exactly the same marginal as

the previous, except we exclude f .

Fy(x, Xs)

uey ()= 1] Flxx) u (¥

x/x s€ne(x)/f,
»
I

In the following, we will consider the first case, ﬁ(x) ,

but everything works the same for s, , (x).




What the root variable node computes

p(aj)ocz H Fy(x, Xy)

X\z iEne(w)

)

Fy(z, Xs)

Y

Product contains all factors
in the graph with root x.

( ne(®) denotes neighbours)



Administrivia
» HW1 Solutions out
» HW2 Due tonight

» HW3 will be out Monday

» Note on homework presentation



Sum-product on a slide

Variable node x ~gathers messages, 1/, |, and sends Factor f, gathers messages u, . (x,,),and sends
u’xm—)_f_\. (xm ) = H Juj}—)xm (‘xm ) M.y (l) = EE ’ E fs (x’x1 s KXys s Xy ) 1_[ U, s (xm )
) 3 ﬁ = n( Xy )\ f‘. XX Xy mEne( f, \x

Marginal is product of incoming factor-to-variable messages:

p(rm) o H Hfi—x, (Tm)
fiene(zm)



One point of confusion

The two products over messages look similar, but the first:

Variable node x = gathers messages u -~ , and sends

x —>f H ‘uf;—ﬂ
bﬁen

Is a product of vectors, each over the same variable, but the
second has the variable as the index in the product:

Factor f, gathers messages 1, . (x,,),and sends

() =D ¥ f(xnxx,, [H “ -y (x, j

Ene( f, )\




One point of confusion (continued)

There are several ways to interpret the message product:

‘u.f_l—” (X) = 2 2 . 2 f; (x’xl 3Ky s eees Xy H) nu_\-m—x,f;_ (xm) )
X % X nenel f, \x

N-dimensional analogue of the outer product creates a tensor:

X ﬁ/\

E.g. For two messages each element
of the sum corresponding to
(x,xq,%5) IS

Qo xq,x2) g (xq) - pa ()



Computational Complexity

Factor f, gathers messages u, _, (x,,), and sends

b (9=33-3 Flenn e TT o (e
_‘fl ).'3 _TM il X

\ )
Y

Intermediate factor

¢(£IJ,ZIZ1,ZE2, c e ,ZEM)

Assuming all variables are K-valued, intermediate factor with
M+1 variables has O(K*+1)entries



Sum-product algorithm example




Sum-product algorithm example

Let ﬁ(x) = 1, (x1 > X7 )fb (x29x3)fc(x2’x4)

I9 I3
()
W, f' O
Declare x3
_ JE as root
node.




The sum-product algorithm

First, pass messages from leaves to your chosen root node.
If you want more than one marginal or plan to do other
computation, store the results as you go.

Initialization: If leaf node is a variable node, then start with a
unity message. If leaf node is factor, then start with the factor.







Recall the general case (don’t Factor f, gathers messages u, . ( X, ) . and sends
confuse general variables with this mJs

cremplo 1 (=333 frnn,) T, (5)

mEne( f,)\x






)_luf—n-xz(x2)luj —>x2(x2)
be“’xs E‘fb x x xz_’fb )

sz_)fb

,—

We now have the marginal at X;:

p(x3) X pif, ey (T3)



Summary of messages —_— — > >
Y ° O O—a—)
from leaves to root




ey, (xz)

ant_’fc (x4 )



Next we want to set up 71 2

for additional O om O 0w
computations, we pass Ja Jo
messages from root to N/
leaves.

Candidate for the first O

and second ones?



Passing messages 2 2 :/_ j_
from root to leaves. (O)—a—()r—a—)
1.

(
U5 \x3)=1 N/

e [x2)= Efb(xz’x3) O

Candidate for
third and fourth?



| v
< - 2 —
Lets go towards x1 Q , @ L] O

first. a
/ m/

luxz_’f( )_Mfﬁxz( )Mf_’xz(XZ) Q
“fﬁxl Ef ERS) x2—>f N

Note use of saved message
from going the other way.




sz_’f;« {x2)= Mfa_’xz (xz)uﬁ;"‘xz (xz)
(
\

lufc—>x4

(similar to previous one)



Summary of messages 1 -

from root to leaves.

|
N/
Uiy, (x;)=1 b
Mﬁ;_’xz [x2) = Efb(xz .7C3) T4




Ny 3 2 e =
O , W, ’ O
T b
We can now compute marginals at _ 3
any variable, e.g. X,:

p ( L ) =My, (3"2 )“ﬁ,amg (3"2 )“.ﬁ,axg (3"2 )



X W) I3

— —)md— -
O " O
a T b
We can now compute marginals at _ 3
any variable, e.g. X,: T

O

T4

p ( L ) =My, (3"2 )“ﬁ,amg (3"2 )“.ﬁ,axg (3"2 )

= Zfa(xlaxz)“xﬁﬁi(3"1)}[2]%(“"2»3"3)%3%(3"1)}[2]2(“"2»3"4)%4%(“"1)}



X W) I3

O—a—(O—a—0

We can now compute marginals at _ 3
any variable, e.g. X,: T

p ( L ) =My, (3"2 )“ﬁ,amg (3"2 )“.ﬁ,axg (3"2 )

| Sl )| S 2)| Sl ()
- | Sl St | St

T




X W) I3

— —)md— -
O " O
a T b
We can now compute marginals at _ 3
any variable, e.g. X,: T

O

T4

p ( L ) =My, (3"2 )“ﬁ,amg (3"2 )“.ﬁ,axg (3"2 )

= Zfa(xlaxz)“xﬁﬁi(3"1)}[2]%(“"2»3"3)%3%(3"1)}[2]2(“"2»3"4)%4%(“"1)}

= Zfa(“ﬁ»“"z) Zﬁ(%%)J[Zﬂ%%)J
= ZZZJC@(%»% )fb(lzza% )12(3;2»3;4 )




X W) I3

— —)md— -
O " O
a T b
We can now compute marginals at _ 3
any variable, e.g. X,: T

O

T4

p ( L ) =My, (3"2 )“ﬁ,amg (3"2 )“.ﬁ,axg (3"2 )

= Zfa(xlaxz)“xﬁﬁi(3"1)}[2]%(“"2»3"3)%3%(3"1)}[2]2(“"2»3"4)%4%(“"1)}

= Zfa(“ﬁ»“"z) Zﬁ(%%)J[Zﬂ%%)J
= ZZZJC@(%»% )fb(lzza% )12(3;2»3;4 )




Maximum A Posteriori (MAP) Inference

Rather than marginalize sometimes we want to maximize, e.q.
(27,23, 2) = argmaxp(x | y)
Maximizing the log-joint is equivalent and numerically more stable:

xi,T5,...,Tn) = argmaxlog p(x,y) + const.
1) %2 N €



Forward-Backward Algorithm

Recall the Forward-Backward algorithm messages...

Forward message:
Oén—l(xn) — Z$n—1 Odn—Z(ajn—l)w(ajn—la ﬂi'n)w(il’fn, yn)

\ )
Y

Sum over state x, ,



Viterbi Algorithm

Maximize instead of marginalize...

Forward message:
Oén—l(xn) — INax 1Og w(ajnv yn) =+ Can,—2(33'n,—l) - log ¢($n—1, xn)

In—1

\ )
Y

Maximize over state x__ (in log-domain)



Viterbi Algorithm

Maximize instead of marginalize...

Forward message:
Oén—l(xn) — fcnax 1Og w(xna yn) =+ Can,—2(33'n,—l) - log w(fcn—la xn)

n—1
We also store the argmax values:

n—1(%n) = argmax log ¥ (Ln, yn) + an—2(en-1) +log(zn_1, zn)

Ln—1

X



Viterbi Algorithm

Maximize instead of marginalize...

Final node gives maximum (up to const.) and maximizer of posterior:

ay_1(xny) = max logp(xy,...,xN |y)+ const.
Llyeees LN -1
ry_q1(xny) = argmax logp(x1,...,zN |y) + const.

r1,.... LN -1



Viterbi Algorithm

Backwards pass reads off joint maximizer...

Backward Pass: =z, =z, (7, )

Joint maximizing sequence obtained at the end of backwards pass:

(¢, 23, x}) = argmaxp(x | y)



Max-Product (Max-Sum) Algorithm

Recall our decomposition of factor graph sub-trees...

Maximize sub-
tree rooted at
variable node

Maximize sub-
tree rooted at
factor node




Max-product on a slide

Variable x,, gathers incoming messages and sends: Factor f, gathers incoming messages and sends:
/“L:Em—>f3($m) — H 'ufl_ﬂcm(xm) lufs_”U('r) :I’Q\a}foS(CU,xl,$2,---,$M) H Mmm_)fs(xm)

frene(zm)\ fs meéene(fs)\z



Homework 3

* Posted on course webpage
* Will post official D2L assignment after class
« Two weeks: Monday 10/19

* Three questions
« Q1: Variable Elimination (no code, hand calculation)
* Q2: Implement sum-product BP for tree-structure factor graph
* Q3: Low-density parity check using (loopy) sum-product BP



Max-sum on a slide

Variable x,, gathers incoming messages and sends: Factor f, gathers incoming messages and sends:

1Og Mo — Fo(xm) = Z lOg Hf1—x, (xm) 1Og :ufs—mc(x) —

fiene(zm)\ fs max log fs(x,x1,T2,...,xp) + Z 10g 12, £, (Tm)

X\ mene(f.)\z

More numerically stable to work in log-domain (max-sum)...



Max-Marginal Distribution

Recall the marginal posterior distribution of x, is given by:

Sum-product
P(Tm | y) Z p(x|y) H 7 Il\J/Irgst).;OgeusC

X\ ZTm \ (Ene(m) J
Y

Incoming factor-to-variable messages

MAP equivalent is the max-marginal distribution:

Max-Product
dm(@m | y) o maxp(x|y) oo [ mpe, (@ — Mrceanes

X\ Tm
When max of g has no ties MAP given by node-wise maximizers:
(x7,...,2x) = (argmax qi(x1),...,argmax gy (xn))
rq LN

Viterbi-style backward pass needed to resolve ties consistently



Max-sum Example

.0003
.0003

Now we know that
X5 can either be 0 or
1 (it is a tie)



Max-sum Example

* At the root we can record the argmax for its variable, but we
do not know which variable choices produced it

* Ties have the potential to make this particularly complicated

* We can “backtrack” to find this out provided that we stored
what we need in the forward pass.

* |f there are ties, they need to be handled consistently

* In our example, we need to choose either x; = 0 or x; = 1 for both
backtracking branches.



If we choose x5=0, then we need a

maximal configuration for xs=0 for

both pieces for a consistent joint
maximizing configuration

The factor nodes must store
enough information to evaluate any
choice




WRONG

The configuration that we get
backtracking pretending x5 = 0, even
though x5 = 1cannot compute to more
than 0.1, and could be less, as the
settings for the other variables are
making the value as big as possible
when x5 = 0.




This factor must
provide x1 and xo for
x5=0 contribution 0.1

This factor must
provide X3 and X4
for xs=0 contribution
0.3




This factor must
provide x1 and xz for
x5=1 contribution 0.3

This factor must provide
x3 and X4 for xs=1
contribution 0.1




Hence this factor
must be able to
provide x1 and xo for
either choice

Hence this factor must
provide x3 and x4 for
either choice




Store argmax{(fA — T )z }

Iy,T9

Store

argmax{(fB — T )Z }

L3,Ty




Message Passing Inference Summary

Ba(1)

Forward-backward algorithm yields efficient ()} —— @—. '_/\ g

marginal inference on HMM graph e (z2) g ‘ g

Sum-product belief propagation generalizes
marginal inference to tree-structured MRFs

Max-product / max-sum yields maximum a
posteriori (MAP) inference in any tree-
structured model

Viterbi decoder is special case for HMM And factor graphs



Outline

» Junction Tree Algorithm

Some material adapted from Erik Sudderth lecture slides



Variable Elimination

Recall variable elimination sequentially marginalizes out variables...

Letter

Job




Variable Elimination

Two major limitations of variable elimination:

1. Computation exponential in size of the largest intermediate factor
(equivalently, largest clique in clique tree)

2. Computation is not reused for computing a series of marginals

E.g. Suppose we use variable elimination to compute a
marginal on an HMM with T nodes, each being K-valued

» It takes O(T'K*) time to compute a single marginal

. It takes O(T%K?)time to compute all marginals

» We know forward-backward computes all marginals in O(T K?)



Tree

Graph

Marginal Inference Algorithms

One Marginal

All Marginals

Elimination applied
to leaves of tree

or sum-product
algorithm

Variable
Elimination

BP on a junction tree
(special clique tree)




Marginal Inference Algorithms

One Marginal All Marginals
o
=
<
- BP on a junction tree
o (special clique tree)




Clique Tree

Elimination order: 6,5,4,3,2,1

Clique Tree




Clique Tree

Elimination order: 6,5,4,3,2,1

Clique Tree




Clique Tree

Elimination order: 6,5,4,3,2,1

Clique Tree




Clique Tree

Elimination order: 6,5,4,3,2,1

Clique Tree




Clique Tree

Elimination order: 6,5,4,3,2,1

Clique Tree




Clique Tree

Clique Tree

Elimination order: 6,5,4,3,2,1

<> (%)

XoXs




Clique Tree

Elimination order: 6,5,4,3,2,1

Clique Tree

@

XoXs




Junction Tree

Definition (Running intersection) For any pair of clique nodes V,W all
cliques on the unique path between V and W contain shared variables

Junction Tree Not A Junction Tree
{XQ,X?),XE)} N {XQ,X5,X6} = {XQ,X5}

Not all clique trees are
junction trees

A IS a clique tree with the property



Junction Tree

Clique tree edges are separator sets in original MRF...so clique tree
encodes conditional independencies

X1 L X5 | {Xe, X3}

Theorem A clique tree resulting from variable elimination satisfies the
running intersection property and is thus a junction tree



Junction Trees and Triangulation

A B AO /)B

a,b,c )=

—( b,c,d

C D CC/ QD

* Achord is an edge connecting two non-adjacent nodes in some cycle

* Acycle is chordless if it contains no chords

« Agraphis friangulated (chordal) if it contains no chordless cycles of length 4 or more

The maximal cliqgues of a graph have a corresponding

junction tree if and only if that undirected graph is triangulated

For a non-complete triangulated graph with at least 3 nodes, there is a decomposition of
the nodes into disjoint sets A, B, S such that S separates A from B, and S is complete.

» Key induction argument in constructing junction tree from triangulation

» Implies existence of



Induced Graph

Recall the IS the union over intermediate graphs from
running variable elimination

The induced graph thus:

« Maximal cliques of the induced graph
form a junction tree

* It admits an elimination ordering that
iIntroduces no new edges

Logic of junction tree algorithm:
1. Triangulate the graph

a. Implies a junction tree
b. Induces an elimination order

2. Run sum-product BP on junction tree
to compute

Intermediate
Factor Edges



Reminder: Pairwise Sum-Product BP
Set of neighbors of node t: I'(t) = {s €V | (s,t) € F}

K, —— nhumber of discrete states for random variable x,
p.(z,) —— marginal distribution of the K, discrete states of random variable x;
mg () —> message from node s to node t, a vector of K, non-negative numbers
mis(zs) —> message from node t to node s, a vector of K, non-negative numbers



Sum-Product for Junction Trees (Shafer-Shenoy)

= EXxpress algorithm via original variables x ¢
» Messages depend on cligue intersection (separators) @
= Efficient schedules compute each message once

X




Sum-Product for Junction Trees (Shafer-Shenoy)

= Let x¢,be variables in clique node C

= lLet zg,, be variables in separator such that: @
Ts;,; = o Nxgy

= |et residual variables be:
LR;; = xci\xsij




Sum-Product for Junction Trees (Shafer-Shenoy)

= Let x¢,be variables in clique node C
= Let g, be variables in separator such that:
rs,, = Tc; NTc,

= Let residual variables be: mij
TR, = TC, \Ts;, c S -
= Pass sum-product messages —

between cligue nodes

Message: mji(zs,) x » vc,(zc,) || mujlas,,)

TR, keT(5)\i

J

Marginal: p;(zc,) x ¥c, (zc,) H mi;j(Ts,,)



Sum-Product for Junction Trees (Shafer-Shenoy)

Express algorithm via original variables x4
Messages depend on clique intersection (separators) @
Efficient schedules compute each message once

O(Zj [Lsec, KS) , where x5, € {1,..., K}

Exponential in sizes of maximal cliques.

Message: mji(zs,) x » vc,(zc,) || mujlas,,)

TR, keT(5)\i

J

Marginal: p;(zc,) x ¥c, (zc,) H mi;j(Ts,,)



Summary: Junction Tree Algorithm

COLLECT messages A

s DISTRIBUTE messages Y4
_ Y
‘i ;: root ? — i —
pj(rc,;) < Yo, (zc;) H M (T Si; = S5 = C; N C;
1€l (4)

Junction Tree Algorithms for General-Purpose Inference
1. If necessary, convert graphical model to undirected form ( )
2. Triangulate the target undirected graph
» Any elimination ordering generates a valid triangulation ( )
» Finding an optimal triangulation, with minimal cliques, is NP-hard
3. Arrange triangulated cliques into a junction tree ( )
4. Execute sum-product algorithm on junction tree ( )



Outline

» Loopy Belief Propagation

Some material adapted from Erik Sudderth lecture slides



Tree

Graph

Marginal Inference Algorithms

One Marginal

All Marginals

Elimination applied
to leaves of tree

or sum-product
algorithm

Variable
Elimination

BP on a junction tree
(special clique tree)




Tree

One Marginal

All Marginals

Elimination applied
to leaves of tree

Belief Propagation (BP)
or sum-product
algorithm




BP for Loopy Graphs

Suppose we have a graph with cycles...

o

()

()

()
N

()
N

X\

()



BP for Loopy Graphs
Suppose we have a graph with cycles...

BP message update only depends on
tree-structured subgraph: @

ms2(x2) Zw T2, Ts) H mis(Ts5) ‘

kET(5)\2

Where T is the set of neighbors: @ 6; @
[(s)={t:(s,t) € E} ‘

Idea Initially all messages (somehow)

then iteratively update each message X)

until “convergence”.
What is convergence? Will this converge? If so, then to what?



Inference for Graphs with Cycles

Junction Tree Algorithm
I
 Cluster nodes to break cycles NOTE: This clustering is not
a junction tree! Figure is for:

« Run BP on the tree of clusters notional purposes only. |

» Exact, but may be intractable \

Loopy Belief Propagation
* [terate local BP message updates on cyclic graph N\ ——

» Hope beliefs converge [[]

« Empirically, often very effective (HH)

» Justification as variational method (later in course) N\ —




Loopy Belief Propagation (sum-product)

Initialize Messages

Constant: m?, (x;) = const.
Random: ! (z;) ~ U([0,1])

)
.
Il

Parallel (Synchronous) Updates \

At iteration i update all messages in parallel using
current messages m*! from previous iteration:

mit(xt)zzwst(xsamt) H migl(ﬂ?s)

keT(s)\t

« Store, both, the previous messages (from iteration
i-1) and current messages (from iteration i)

* Many convergence results assume parallel
updates

> ‘_/x\
N/_f/\_»
) =
/—T/—\

@

D=0=6

1!
1!



Loopy Belief Propagation (sum-product)

Initialize Messages

Constant: m?, (x;) = const.
Random: ! (z;) ~ U([0,1])

Asynchronous (Sequential) Updates

Choose an ordering of nodes and update using the
latest available messages:

mar(21) = Y Ust(wsrzr) || mns(zs)

kET(s)\t

« Simplifies updates since only need to keep track
of one copy of messages
« Makes parallel processing trickier

|

|
i

/

)=

—
—




Loopy Belief Propagation (sum-product)

Initialize Messages

Constant: m?,(z;) = const. — /‘\ —
Fandom (o) ~ (0.1 N N

Asynchronous (Sequential) Updates \

Choose an ordering of nodes and update using the

latest available messages: 6\
4

mar(21) = Y Ust(wsrzr) || mns(zs)

keT(s)\t \ ‘
« Simplifies updates since only need to keep track

of one copy of messages \
« Makes parallel processing trickier X7 @ Xg




Loopy Belief Propagation (sum-product)

Initialize Messages

Constant: m?,(z;) = const. — /‘\ —
Fandom (o) ~ (0.1 N N

Asynchronous (Sequential) Updates \

Choose an ordering of nodes and update using the

latest available messages: 6\
4

mar(21) = Y Ust(wsrzr) || mns(zs)

keT(s)\t \ ‘
« Simplifies updates since only need to keep track

of one copy of messages \
« Makes parallel processing trickier X7 @ Xg




Loopy Belief Propagation (sum-product)

Initialize Messages

Constant: m?,(z;) = const. — /‘\ —
Random: m{, () ~ U([0, 1]) Y T\ T\

Asynchronous (Sequential) Updates \ ‘ \ ‘ \ ‘
Choose an ordering of nodes and update using the Mas5(Ts5)
latest available messages: \ '/\ ' /
Xy— s J— "
mar(21) = Y Ust(wsrzr) || mns(zs)
- T\ ‘ \ ‘ \ ‘
« Simplifies updates since only need to keep track
of one copy of messages \ f\ —»K
« Makes parallel processing trickier X7 Xs Xq



Loopy Belief Propagation (sum-product)

Initialize Messages

Constant: m?, (x;) = const.
Random: ! (z;) ~ U([0,1])

)
.
Il

> ‘_/x\

\l/_»f/\_»
—(

/—T/—\

@

Asynchronous (Sequential) Updates \

Choose an ordering of nodes and update using the
latest available messages:

mar(21) = Y Ust(wsrzr) || mns(zs)

kET(s)\t

\<_

« Simplifies updates since only need to keep track
of one copy of messages
Makes parallel processing trickier

—_—

D=0=6

—_—
——

—

Notice that each row can
be computed in parallel



Loopy Belief Propagation (sum-product)

Initialize Messages

Constant: m?, (x;) = const.
Random: ! (z;) ~ U([0,1])

Asynchronous (Sequential) Updates

Choose an ordering of nodes and update using the
latest available messages:

mar(21) = Y Ust(wsrzr) || mns(zs)

kET(s)\t

« Simplifies updates since only need to keep track
of one copy of messages
« Makes parallel processing trickier

)
.
Il

> ‘_/x\

\l/_»f/\_»
—(

/—T/—\

@

\<_

—_—

D=0=6

—_—
— —

Both directions are independent
just like in forward-backward algorithm



Loopy Belief Propagation (sum-product)

Initialize Messages

Constant: m?, (x;) = const.
Random: ! (z;) ~ U([0,1])

Asynchronous (Sequential) Updates

Choose an ordering of nodes and update using the
latest available messages:

mar(21) = Y Ust(wsrzr) || mns(zs)

kET(s)\t

« Simplifies updates since only need to keep track
of one copy of messages
« Makes parallel processing trickier

|

|
i

/

)=

—
—




Loopy Belief Propagation (sum-product)

Initialize Messages

Constant: m?, (x;) = const.
Random: ! (z;) ~ U([0,1])

)
.
Il

> ‘_/x\

\l/_»f/\_»
—(

/—T/—\

@

Asynchronous (Sequential) Updates \

Choose an ordering of nodes and update using the
latest available messages:

mar(21) = Y Ust(wsrzr) || mns(zs)

kET(s)\t

\<_

« Simplifies updates since only need to keep track
of one copy of messages
« Makes parallel processing trickier

—_—

D=0=6

—_—
— —

Upwards / downwards directions can also
be done in parallel (holding rows fixed)



Pseudocode from Murphy’s Textbook

Algorithm 22.1: Loopy beliet propagation for a pairwise MRF

1
2
3
4
5

Input: node potentials 1)s(x), edge potentials 1¢ (25, 7¢);
Initialize messages m_,:(x;) = 1 for all edges s — t;
Initialize beliefs bels(xs) = 1 for all nodes s;

repeat

Send message on each edge

Ms—t(Tt) = st (-z;‘fr_g(;rs)'z;if,gt(;r,g,;rt) H'U-Elﬂ:lrg\t m-u%,g(;r_g));

Update belief of each node bel,(x) ox 1)¢(xy) Htelbrs Mi_s(Ts);

until beliefs don't change significantly;
Return marginal beliefs bel,(x);




Loopy BP Convergence

Loopy BP works well empirically, but there are no guarantees:
* Not guaranteed to converge in general graphs
 BP marginal beliefs are approximations

« Empirically, when LBP converges it does so quickly and with good
approximations

Convergence based on change in messages / marginal approximations:

p(mold’mcurrent) < € or p(belold,belcurrent) < €

Typical convergence measures are:

old current)

Max change: p(m®<,m

Total Change: p(mold’ mcurrent) _ Z |mold _ mcurrent‘

— max { |mold . mcurrent ‘}



Loopy BP Convergence

Computation tree visualizes sequence of messages as BP proceeds...

Nodes 2 & 3 are over represented in computation 1 Source: Wainwright & Jordan, 2008
tree since they have more edges, thus more
impact on belief of node 1

1

4 1 2 2 2 3 3 1 3

Loopy MRF Computation Tree
(4 Rounds of BP)

Key Insight 7 iterations of BP equivalent to exact calculation in
computation tree of height 7+1. If edge strength sufficiently weak, then
leaves will have minimal impact on root and BP converges.



Loopy BP Convergence
What can we do to improve convergence in a given model?

Message damping takes a partial update of messages each iteration,
old

new

m =(1—a)m tmp

+ am

for damping factor a € (0, 1], e.g. o = 1is standard update

Message scheduling
» Asynchronous updates tend to converge faster than synchronous
» Well-known Gauss-Seidel method does this in round-robin fashion (Bertsekas 97)

» Message update ordering also impacts convergence (e.g. disproportionate impact
of nodes 2 & 3 in previous example)



Example: Loopy BP
Convergence depends largely on the existence of many small cycles

Example Ising model of X, X, X,
ferromagnetism via atomic spins:

Binary spin variables: x; € {0,1} GD_QH(D?

Interaction strength:

_ [ exp(Ji)  exp(—Jy)
pij = ( exp(—J:) exp(JZ-j)j ) X; Xq Xq

Field strength: \
i = (exp(h;); exp(—hi))



Source: D. Koller

Example: Loopy BP

11x11 Ising model with random parameters

1.0
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Using message damping

---- Synchronous

— Asynchronous

—— No Damping




Example: Loopy BP

Convergence of beliefs in 3 selected nodes

0.2

0.3 0.4 0.5

Time (seconds)

Source: D. Koller
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Example: Loopy BP

Oscillation in limit cycles is a typical failure mode of BP convergence
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Loopy BP on Factor Graphs
Set of neighbors of node s: ( ) {f c F ‘ g C f}

X, X, X,
l Message updates can /
be iteratively computed
_) <_
& A on graphs with cycles. () /
X / X, X \ X
mep(zs) = ] mgs(zs) n];S(Q(U;Z)) mys(Ts) = Z Vy(zy) g (1)
g€ (s)\f Js\os Ty tef\s
Marginal Distribution of Each Variable ps(s) H mys ()
fer(s)
Marginal Distribution of Each Factor: pr(xs) ocpp(wy) Mt (Ts)

Clique of variables linked by factor. scf



Low Density Parity Check (LDPC) Codes

» Each variable node is
binary, so z; € {0,1}

equal 1 if the sum of the
connected bits is even,
O if the sum is odd
(invalid codewords are
excluded)

equal probability that
each bitisa O or 1,
given data. Assumes
independent “noise” on
each bit.




Loopy Belief Propagation

David J. C. MacKay
http://wol.ra.phy.cam.ac.uk/mackay
Department of Physics, Cavendish Laboratory
Cambridge University

NIPS 1997: nttps://papers.nips.cc/paper/1467-a-revolution-belief-propagation-in-graphs-with-cycles
Abstract

Until recently, artificial intelligence researchers have frowned upon
the application of probability propagation in Bayesian belief net-
works that have cycles. The probability propagation algorithm is
only exact in networks that are cycle-free. However, it has recently
been discovered that the two best error-correcting decoding algo-
rithms are actually performing probability propagation in belief
networks with cycles.

Loopy Belief Propagation for Approximate Inference: An
Empirical Study

UAI 1999: hitps:/arxiv.org/abs/1301.6725

Kevin P. Murphy and Yair Weiss and Michael 1. Jordan
Computer Science Division
University of California
Berkeley, CA 94705
{murphyk,yweiss,jordan}@cs.berkeley.edu



https://papers.nips.cc/paper/1467-a-revolution-belief-propagation-in-graphs-with-cycles
https://arxiv.org/abs/1301.6725

Loopy BP Summary

 BP updates only depend on tree-structured Markov blanket

* Approximate BP inference in loopy graphs by iterating
standard message updates until convergence (fixed point)

* No guarantees, but works well empirically in many instances

* Some techniques to improve convergence
* Message damping
* Asynchronous message update schedules



Message Passing Inference Summary

» Brute-force enumeration exponential regardless of graph

« Sum-Product BP

« Exact inference in tree-structure graphs in O(TK?) time for T nodes,
each taking K states

 Reduces to Forward-Backward in HMMs
« Same for Max-Product BP (reduces to Viterbi in HMMs)

 Variable elimination
« Exact marginals in general graphs
* Worst-case complexity exponential in size of largest clique
* Need to rerun from scratch for each marginal
« Complexity dependent on elimination order (NP-hard to optimize)



Message Passing Inference Summary

« Junction Tree Algorithm
« Exact marginals in general graphs
« Caches messages to compute all marginals
* Worst-case complexity exponential in size of largest clique
* Optimizing Jtree is NP-hard (corresponds to finding treewidth)

* Loopy BP: Just did this, did you forget already?
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