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Dimensionality Reduction

Data often have a lot of redundant information...

3 30%3 1

Example A dataset consisting of a hand-drawn 3 at random
locations and rotations in a 100x100 pixel image.

Data Dimension 100 x 100 = 10,000

Intrinsic Dimension 3 (X-position, Y-position, Rotation)
[ Source: Bishop, C. ]



Dimensionality Reduction : Manifold Hypothesis

...or data are high-dimensional and hard to visualize...

...In all cases finding lower intrinsic dimension is useful



Autoencoder

Reconstructed

Input <o Ideally they are identical. ------------------ > input
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Learning

Mean squared error (MSE) reconstruction loss:
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Denoising Autoencoder
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Denoising Autoencoder
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 Humans can easily recognize a scene even when some inputs are corrupted

« Conceptually, we “repair” the input in our brains

 For high-dimensional input the model depends on evidence from many input dims
* Prevents overfitting to any single data dimension (more robust)

- Noise is controlled by Mp(x(9|x(¥) and can be adapted to any noise model



Sparse Autoencoder

« Common activation functions: sigmoid, tanh, relu, leaky relu, etc.

* Neuron is activated when activation function is near 1, and inactive otherwise

« Sparse Autoencoder encourages model to have a small number of neurons active
 Avoids overfitting, leads to more robust learning

 s; . Neurons in /-th hidden layer

. ag-l) . Activation function for j-th neuron in /-th layer

 Fraction of active neurons expected to be small (e.g. p = 0.05 )
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Sparse Autoencoder

Achieve sparsity constraint by adding penalty to loss function,

Lsar(0) +5YS‘DKL PHA(Z))

=1 7=1
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k-Sparse Autoencoder
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Fig. 5. Filters of the k-sparse autoencoder for different sparsity levels k, learnt
from MNIST with 1000 hidden units.. (Image source: Makhzani and Frey, 2013)
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Variational Autoencoder

» Autoencoder
» Learns single encoding

 Outputs single reconstruction
« Can be brittle

* Variational Autoencoder (VAE)

 Learn distribution over encoding and data—more robust learning
* Prior: po(2)

* Likelihood (decoder): po(z | 2)

« Posterior (encoder): po(z | x)



VAE Generative Process

Assuming we know the real parameters#*generate a new data point z(9:

1. First, sample a z(¥) from the prior distribution pg~(#)
2. Then generate data z'¥) from the decoder pe-(z | V)

Optimal parameter is the one that maximizes probability of the data:

0" = arg max 1:[1]09 (x(V)
Or equivalently the maximum Iog-likeliho%d:

0" = arg max Z; log pg(x\V)



VAE Learning

Marginal likelihood given by,

po(x®) = / po (x®|2)pp (z) dz

Typically lacks a closed-form solution...

‘ Q po(z) . _9o(z[x) 2 po(zlx)
/ z ~ N(0,1) £ po(x|z) g
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VAE Inference
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VAE Inference

Dxr(q¢(z|x)|pe(2]x))

— /Q¢(z\x) log 452X

)
po(z|x)
)

Z|X X
- / q(2/x) log dpzX)po(x) o : Because p(z|z)=p(z,z)/p(x)
Po (Z7 X)

N /qqs(Z\X)(lnge(X) + log q¢(Z‘X)))dZ

dz ; Because [ q(z|z)dz=1

dz ; Because p(z,x)=p(z|z)p(z)




VAE Inference
So we have:
Dir.(4(21%) |po(z1x)) = log pa(x) + D (¢6(2/%)|[pe(2)) — Eq, log po(x]2)
Rearranging terms we have:

log 1o (x) — Dict. (0 (2[) [pa(z1x)) = Eq, 108 po(x|2) — Dic. (62l |po(2)

H_J J \\ J
Y Y
Marginal Bound Gap Evidence Lower Bound (ELBO)
Likelihood

Formulate as minimizing loss function:

(9>l<7 ¢* = arg Igllgbn _Ez~q¢(z|x) 10gp9(X’Z) + DKL(%(Z‘X) Hpg (Z))



Reparameterization Trick

0%, ¢* = arg rgliqbn —Esnq, (zx) 108 o (X|2) + Dk1(q¢(2]x)|/ps(2))

No straightforward Monte Carlo estimator of gradient...

S (2000 = [ oz | 0)1(0) 0

0
_ /qéﬁ(z ) (2 6) dz + /Q¢(z ) (2, ) dz

...need to use reparameterization trick.



Gaussian Reparameterization

So we need a deterministic function s.t. z = g(¢, z, €)

Suppose we want to sample a Gaussian RV,
z ~ N(u(x),0%(z))
But we only know how to sample a standard Gaussian RV,
e ~N(0,1)
Gaussians are closed under linear transformations so,
z = p(x) + o(x)e ~ N(p,07)
—~—

z = g(¢,x,€)



Reparameterization Trick

Original form Reparameterised form

N
l
0
N
ach
Z

¢ X
= 0L/0q;
: Deterministic node [Kingma, 2013]
[Bengio, 2013]
‘ - Random node [Kingma and Welling 2014]

[Rezende et al 2014]



Variational Autoencoder

Reconstructed
--------------------------- Ideally they are identical. ~ ----------------------»> :
) input
X ~ X
Probabilistic Encoder
q¢(2]%)
K latent vector

Probabilistic
> ' »| Decoder > X’
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g
Std. dev

B An compressed low dimensional
zZ=p+o0OE€ representation of the input.

e ~N(0,I)
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MNIST Likelihood Lower Bound
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Visualization of High-Dimensional Data
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(a) Learned Frey Face manifold (b) Learned MNIST manifold

Figure 4: Visualisations of learned data manifold for generative models with two-dimensional latent
space, learned with AEVB. Since the prior of the latent space is Gaussian, linearly spaced coor-
dinates on the unit square were transformed through the inverse CDF of the Gaussian to produce
values of the latent variables z. For each of these values z, we plotted the corresponding generative
pe(x|z) with the learned parameters 6.



Visualization of High-Dimensional Data
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(b) 5-D latent space (c) 10-D latent space (d) 20-D latent space

(a) 2-D latent space

Figure 5: Random samples from learned generative models of MNIST for different dimensionalities

of latent space.
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Entanglement

Entangled Representation

< Code z learned by VAE is fully

z “““ correlated in the posterior...
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c P ...this leads to a behavior known as
S BAAAAA entanglement ...

s 43I
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"“‘,‘ ...for interpretable codes we prefer
P Sl them to control independent aspects
JJasee

of data generation, known as a
o A mmm disentangled representation
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Beta-VAE

Consider the constrained optimization problem:
I%&X EXND[EZNQ¢(Z|X) 1Og pPo (X‘Z)]
subject to PKL(%(Z]X)Hpg(z)) < é

Y

Constrains posterior (encoder)
to be closer to prior

Independent Gaussian prior,
po(z) = N(0, )

encourages independent codes in the posterior (disentanglement)



Beta-VAE

Formulate the Lagrangian as,

F(0,0,8) = Ezng,(zx) log po(x|2) — B(Dkr(qe(2|x)|pe(2)) — 9)
= Eznq,(zlx) log po(x|2) — BDxr(qs(2|%)|pe(2)) + 50
E g, (zx) 10g pa(x|2) — BDkL(q¢(2]Xx)||ps(2)) . Because 3,60

So we have the Beta-VAE loss:

LeeTa(9,8) = —Eug,(a1x) 108 Po(x(2) + BDkL (g0 (2[x)||po(2))

L> Controls degree of disentanglement

ldentical to VAE loss, but with additional control on disentaglement
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(a) Skin clour (b) Age/g_gnder
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Figure 4: Latent factors learnt by 3-VAE on celebA: traversal of individual latents demonstrates
that B-VAE discovered in an unsupervised manner factors that encode skin colour, transition from an
elderly male to younger female, and image saturation.



