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Assumptions

Given dataset X = {x®}N  of NV i.i.d data samples x

We assume the following:

Some random process generated the data.
This process involves an unobserved cont. r.v z
The process is as follows:

1. z(¥) is generated from prior pe-(z)

2. x() is generated from conditional pe- (x|z)

Prior and likelihood come from parametric family
of distributions pe(z) and pe(x|z)

0" : true parameters
z() : latent variable




But first ...




We have a problem!

We don’t know the complete data generation process.

e 9* and z(Y are unknown to us

Three problems:

1. Efficienta
2. Efficient a
3. Efficient a

D

D

D

broximate ML or MAP estimation for 6

oroximate posterior inference of z given x

oroximate marginal inference of X

9*



Notation and terminology

q4(z|X) : recognition model or probabilistic encoder
« Approximation to the intractable posterior pe(z|x)

@ :variational parameters
0 : generative model parameters
7 : latent representation or code

pe(x|z) : probabilistic decoder



The variational lower bound
log pe(x(V, ..., x(N)) =SV log pg(x®) (log marginal likelihood)
log po (xV)) = E,, (41x(0) [log pg (xV)]

_ o (x'"),z)
= By (z1x) {log pg(z|x(’i))i|

_ [ pe(x'V,2)qe (2]xV)

Eq¢(z|x( ) _log qZ(Z|X(i>)pz(Z|X(i))i|
_E | _10 peo (x'") z) +E - 1o g4 (z[x)
— gy (2x(®) 108 %) g0 (z|xD) 108 3 (2 x®)
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= L(0, ¢;x\)) = Di1.(q4(2]x\D)||pe(z]xV))
(ELBO)




The variational lower bound

L(0,$;x") = logpe(x"V) — Dicr(qs(2[x")]Ipe (zx"))
Z' O  KLdivergence is non-negative

< log pe(x\V)

Dxc1(qe(z|xD)||pe(zx?)) determines two distances:

1. KL divergence of the approximate posterior from the
true posterior;

2. Gap between the ELBO L(8, ¢; x()) and the marginal
likelihood log pg (x(9); also called the tightness of the bound.



The variational lower bound

£(97 CbS X(’i)) — Eqd)(z|x(i)) [IOg pQ(X(i)aZ)}

q¢ (z|x(?))

= E,, (zx0) | —10g 4 (2[x") 4 log pe(x'"), z)]

= — D1 (g9(2/xD)|po(2)) + Eq, (g1 [po(x)]2))]

Goal: differentiate and optimize the lower bound £(6, ¢; x)
w.r.t. both ®» and @

VoEy,2)[f(2)] = Eq,2)[f(2)Velogas(z)] ~ + 37, f(z0)V4loggs(z?)
\ J

|
where z) ~ g4 (z|x®) Naive Monte Carlo gradient estimator

*exhibits very high variance”



Stochastic Gradient Variational Bayes
(SGVB) estimator

TL;DR: SGVB is an unbiased estimator of the lower bound without the
high variance issue.

Reparametrize ther.v. Z ~ q4(z|x) as:

z =|ge(€,x) |with [e}~ p(€)

Differentiable transformation Noise variable

E gy (alx) [ (2)] = Epie) [£(g5(€,xM))] = 13712, f(96(e®),x))

where €Y ~ p(e)



SGVB estimator
Remember our ELBO:

L(0,¢0;xV) =E,, (yxr) [~ 108 gy (2[x?) + log pe(x'V), )]
Applying reparameterization of Z to our ELBO, we get our SGVB estimator

LA, d;x) = L(8, d;xD) :

where z(4) = g, (e, x()) and €V ~ p(e)




SGVB estimator
Remember our second ELBO variant:
L(0,¢;xY) = —Drr(qs(2[x)|Ipe(z)) + By, zx0) [Po(x\V]2))]

Applying reparameterization of Z to our second ELBO, we get:

LP(0,0;xV) = —Dyer,(q5(2xD)||pe(z)) + + X1, (log pe (x ) |2(40))
where z(H1) = gqb(e(i’l),x(i)) and €Y ~ p(e)

which is our second version of the SGVB estimator
L5(6, d;xV) ~ L£(6, ¢p;x")



SGVB estimator (full dataset)
Given dataset X with v datapoints:
L£(0,¢;X) ~ £Y(8, X"

X = {xW}}M,
Minibatch of M data samples Estimator of ELBO of the full dataset

We can now take derivatives Vg 4£(0, ¢; X)) and optimize ¢ and 6



The AEVB algorithm

Algorithm 1 Minibatch version of the Auto-Encoding VB (AEVB) algorithm. Either of the two
SGVB estimators in section|2.3|can be used. We use settings M = 100 and L = 1 in experiments.

0, ¢ < Initialize parameters

repeat
XM « Random minibatch of M datapoints (drawn from full dataset)
€ <+ Random samples from noise distribution p(€)

g+ Vo.oLM(0,¢; XM €) (Gradients of minibatch estimator (8))

0, ¢ < Update parameters using gradients g (e.g. SGD or Adagrad [DHS10])
until convergence of parameters (6, ¢)
return 6, ¢




The reparameterization trick
Our second ELBO variant:
L(6, &; X(i)) — —DKL(qu(Z’X(i))\’pe(Z)) + Eq¢(z|x(’i) [po(X(i)\Z))}
—

Involves sampling Z from Q¢(Z|X(Z)) l.e.Z ~ %(Z‘X(i))

But sampling is a stochastic process and therefore we cannot
backpropagate gradients through it.

Solution: express z as a deterministic variable z = g, (€, x)

where € ~ p(e) and 94(.) is some vector-valued function
parametrized by ¢



The reparameterization trick

Example: let ¢;(z|x(?)) be a multivariate Gaussian with diagonal
covariance structure:

z ~ qp(2xV) = N(z; pV, 0*T)
Z(i) — u(i) -+ O'(i) © €, where € ~ ,/\/(O, I) ; Reparameterization trick.

where (©) denotes element-wise product.



The reparameterization trick

Original form Reparameterised form

2
o
N
©
S

[Kingma, 2013]

[Bengio, 2013]

[Kingma and Welling 2014]
[Rezende et al 2014]

Illustration of how the reparameterization trick makes the sampling process trainable.(Image source: Slide 12
in Kingma’s NIPS 2015 workshop talk)

: Deterministic node

. - Random node


http://dpkingma.com/wordpress/wp-content/uploads/2015/12/talk_nips_workshop_2015.pdf

Example: Variational Auto-Encoder

Idea: use a neural network for ¢4 (z|x) and optimize ¢ and @ jointly
using the AEVB algorithm.

Let:
pe(z) = N(z;0,1)
pe(x|z) : multivariate Gaussian or Bernoulli

* Parameters of this distribution are computed from Z
with a MLP

pe(z|x) : true (but intractable) posterior

* Assume this takes on approx. Guassian with an approx.
diagonal covariance.



Example: Variational Auto-Encoder

q¢(z|x) : variational approximate posterior
* We can let this be a multivariate Gaussian with a
diagonal covariance structure.

log g (2z[x")) = log N (Z;\u(i)!,]rfz“)\l)

Outputs of encoding MLP

Note: in this model ¢4(z|x) and pe(z) are Gaussian and thus
Dk1.(q4(2z|x)||pe(2z)) has a closed form



Example: Variational Auto-Encoder

£(0,¢;xD) = 5 77 (14 10g((057)?) = ()2 = (o")?) + 1, log po (x?20)
where

Z(ial) — “(Z) _|_ 0'(7“) @ e(l) and e(l) ~J ./\/‘(O7 I)



Example: Variational Auto-Encoder

Input «-------------meee

Mean

Std. dev

7

o

Z=Mn+oOEe
e ~N(0,I)

Ideally they are identical. ---------------------- >
X ~ x'

Probabilistic Encoder

94(2[x)

Sampled
latent vector

An compressed low dimensional
representation of the input.

Probabilistic
Decoder

Po(x|z)

Reconstructed
input

Illustration of variational autoencoder model with the multivariate Gaussian
assumption.(source: https://lilianweng.github.io/posts/2018-08-12-vae/)



Experiments

Tasks:
1. Train generative models of images from MNIST and Frey Face
datasets
2. Compare learning algorithms in terms of:
a) The variational lower bound
b) The estimated marginal likelihood



Results: likelihood lower bound
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Vertical axis: the estimated average variational lower bound per datapoint. The estimator variance
was small (< 1) and omitted. Horizontal axis: amount of training points evaluated. N, : dim. of latent
space



Results: marginal likelihood
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Results: Visualization of high-dimensional
data

bbbbllOOOODOOOOOOOOS
Galbbl2222200000000002
422222222856060000002
q82222223383858600068482
v esleslislisbnbs 4 64222222333358358686557
4 23 a 9943432223333355555357
s vv%&§1 99993333333333555557
ovle 9999993333333 33555577
799999%33333338885877
ﬁﬂﬁﬁﬁ:{q& 7999999888333 8888877
79999998€888888888857
“ﬁ 3??%&.‘ 79999998888866666657
< qq:q‘;q s 799999998866666666¢6s5ys
S 2 B 79999999886666666¢6¢5 7
g v e 79949919356 000LCeiss
- . slesleslesleshe 79999999195 £/
:‘W‘H’i 799999771V V0 bb6bCéédty
wistsbbelels 7o99977 10V VL b a4
dacleclacloclocloclochehe 777777771V VNVV LU LU UL 1Y
!;,..fﬁaakt 7777777 vv 00000000117
(a) Learned Frey Face manifold (b) Learned MNIST manifold

Figure 4: Visualisations of learned data manifold for generative models with two-dimensional latent
space, learned with AEVB. Since the prior of the latent space is Gaussian, linearly spaced coor-
dinates on the unit square were transformed through the inverse CDF of the Gaussian to produce
values of the latent variables z. For each of these values z, we plotted the corresponding generative
pe(x|z) with the learned parameters 6.
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(b) 5-D latent space (c) 10-D latent space (d) 20-D latent space

(a) 2-D latent space

Figure 5: Random samples from learned generative models of MNIST for different dimensionalities

of latent space.



Code

* https://github.com/AntixK/PyTorch-VAE/blob/master/models/vanilla_vae.py



https://github.com/AntixK/PyTorch-VAE/blob/master/models/vanilla_vae.py

Thank you



