Quiz
Let Hy : u = 68, H, : u # 68. Assume the critical region is
X < 67 orx > 69. The plots corresponding to H,,, H; are shown below.

Which area gives a and which area gives /7
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Quiz
Let Hy : u = 68, H, : u # 68. Assume the critical region is
X < 67 orx > 69. The plots corresponding to H,,, H; are shown below.

Which area gives a and which area gives /7
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How to Present Conclusions?

Two ways of presenting conclusions in hypothesis testing:

Fixed significance level VS P-value

Relevant concepts
Test statistic

Critical region/value
Significance level (Size of the test)
Type | error, Type |l error

Power of the test

We covered the relevant concepts, but skipped a detall.



Revisit the Weights Example and «

Assuming H, is True. What is a« = P(type | error)?
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Revisit the Weights Example and «

Note: Only for illustrating the concept of significance level. Usually, it is not
the case that we have the critical region then find significance.

Assuming H,, is True. What is a« = P(type | error)?
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Revisit the Weights Example and «

On the contrary, we find the critical region from fixed a. Then we check:
Does the test statistic lie in critical region? If so reject H,,.

Assuming H,, is True. Given a = P(type | error).

b
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67 H =68 69




Fixed Significance Level

This is called reporting results with fixed significance level.

o is usually set to 0.03.

67 1= 68 69

x|



Fixed Significance Level
Cases where such reporting has disadvantages:

Say some fixed a. Both these instances would be reported the same way:

“We don’t reject Hy at significance a” (although p, is so close to rejection)
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Fixed Significance Level
Cases where such reporting has disadvantages:

Say some fixed a. Both these instances would be reported the same way:

“We reject H, at significance a” (although for p; rejection is much stronger)

al2L D> al2
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P-value

Reporting the P-value takes care of this:
Probability of observing data at least as extreme as observed test statistic.

(Assuming H,y is true.)

A P-value is the lowest level (of significance) at which the observed value of the
test statistic is significant.




Revisit the Weights Example




Revisit the Weights Example

P(X < 67 when u = 68) + P(X > 69 when 4 = 68)  Already found as 0.095.



Revisit the Weights Example

In terms of P-value: This probability is the P-value. Observed value would not be
considered significant at any significance level < 0.095.
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Revisit the Weights Example

In terms of fixed significance level:

; q £ Q.1
‘Ata = 0.1 we reject H,.” — sin ¢ < 029> =

‘At @ = 0.05 we fail to reject H,” —) since 0.095 79



Procedure for Hypothesis Testing

Approach to 1. State the null and alternative hypotheses.
Hypothesis 2. Choose a fixed significance level a.
lTesting with 3. Choose an appropriate test statistic and establish the critical region based
Fixed Probability on o.
of Type I Error 4. Reject Hj if the computed test statistic is in the critical region. Otherwise,
do not reject.
5. Draw scientific or engineering conclusions.

Significance 1. State null and alternative hypotheses.
Testing (P-Value 2. Choose an appropriate test statistic.
Approach) 3. Compute the P-value based on the computed value of the test statistic.
4. Use judgment based on the P-value and knowledge of the scientific system.




Hypothesis Testing Concerning a Single Mean
Mean of a distribution with known variance: Two-sided

Xy, *++, X, with unknown g and known variance o%. Assume large sample.

e
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Test the hypotheses: Hy: u=u, Hi: HFE Uy o we can
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Hypothesis Testing Concerning a Single Mean

Reject H,, if:

X — Ho X — My
>Za/20r < - CZ/2
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Hypothesis Testing Concerning a Single Mean

O 4
Reject H), if: or equivalently Reject H,, if X lies in:
X — X —
al > L2 OF al < - al2
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Hypothesis Testing Concerning a Single Mean

. 1
Reject H), if: or equivalently Reject H,, if X lies in:
X — M X — Hy
> 7. OF < -2,
oin " ol/n -
l —
al?2 al2

Note: The test is similar to computing ® ¢

O
100(1 — &) confidence interval. Ho — afzﬁ ”0+Za/2\/z



Hypothesis Testing Concerning a Single Mean
Mean of a distribution with known variance: One-sided

Xy, *++, X, with unknown g and known variance o%. Assume large sample.

Test the hypotheses: Hy: u<p Hi: 1= U
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Hypothesis Testing Concerning a Single Mean

0 1
Reject H), if: or equivalently Reject H,, if X lies in:
X — My >z
0/\/2
‘ l —a
The case of testing: (ledt +oil ie{*’”ﬁ)
0/
Hy: u3u H, : Iué,u ®
0 ? 0 A <= 1o N

can be done similarly.



Hypothesis Testing Concerning a Single Mean

e

*
Example 10.3:'A random sample o@ecorded deaths 1 rZhe United States during the past
T <\szear showed an average life span .@ years. Assuming a population standard

v —

eviation of8.9years, does this seem to indicate that the mean life span today is
greater than 70 years? Use @level of significance.

Ny Use norm . ppf(0.95) = 1.645
norm . cdf(2.02) = 0.9783




Hypothesis Testing Concerning a Single Mean

Example 10.3:‘A random sample of 100 recorded deaths in the United States during the past
year showed an average life span of 71.8 years. Assuming a population standard
deviation of 8.9 years, does this seem to indicate that the mean life span today is
greater than 70 years? Use a 0.05 level of significance.

Use norm . ppf(0.95) = 1.645

Solution: norm . cdf(2.02) = 0.9783
. Hy: p =70 years.

. Hqi: p > 70 years.
. a = 0.05.

" - _ Z—po
. Critical region: z > 1.645, where z = ~ To/n

e A — _ __ 71.8-70 __
. Computations: £ = 71.8 years, o = 8.9 years, and hence z = 3.0/ 7100 2.02.

. Decision: Reject Hy and conclude that the mean life span today is greater
than 70 years.

With P-value reporting: P = P(Z > 2.02) = 0.0217.

Sy Ot & W N -



Hypothesis Testing Concerning a Single Mean

Example 10.3:‘A random sample of 100 recorded deaths in the United States during the past

Solution:

oucn.-t;_oogor—u

year showed an average life span of 71.8 years. Assuming a population standard
deviation of 8.9 years, does this seem to indicate that the mean life span today is
greater than 70 years? Use a 0.05 level of significance.

Use norm . ppf(0.95) = 1.645

> V< 90
K AEE : norm . cdf(2.02) = 0.9783
. Hy: p =170 years. /L
Hqi: p > 70 years. )
a = 0.05. Tw hot 1 8. uCletl SU oh Abet

T—po olec to +he '/Tﬁlq—t— =0:05

. Critical region: z > 1.645, where z = ~ To/n

. Computations: Z = 71.8 years, o = 8.9 years, and hence z = -2:8=70 — 2 (2.

8.9/4/100

. Decision: Reject Hy and conclude that the mean life span today is greater

than 70 years.

With P-value reporting: P = P(Z > 2.02) = 0.0217.



Hypothesis Testing Concerning a Single Mean

Example 10.3:‘A random sample of 100 recorded deaths in the United States during the past

Solution:

l
. Hy: p =170 years. /L
H, )

oucn.-h.oo_wr—n

year showed an average life span of 71.8 years. Assuming a population standard
deviation of 8.9 years, does this seem to indicate that the mean life span today is

greater than 70 years? Use a 0.05 level of significance. <
Use @pf(o.%) — 1.645

K > V £ 70 norm.ckf(Z.OZ) = 0.9783

: p > 70 years. N
a = 0.05. Tw ot 17 3.vClet sueh thet

T—po olec to +he '/'66}4% =0:05

. Critical region: z > 1.645, where z = ~ To/n

. Computations: Z = 71.8 years, o = 8.9 years, and hence z = -2:8=70 — 2 (2.

8.9/+/100

. Decision: Reject Hy and conclude that the mean life span today is greater

than 70 years.

With P-value reporting: P = P(Z > 2.02) = 0.0217.



Testing a Single Mean with Unknown Variance

T'he t-5tatistic  For the two-sided hypothesis
for a Test on a
Single Mean Hy: p = po,
(Variance Hi: p# o,
Unknown)
we reject Hy at significance level o when the computed t-statistic

exceeds t, /2 ,—1 Or is less than —2, /2 1.




Testing a Single Mean with Unknown Variance

Example 10.5: The Edison Electric Institute has published figures on the number of kilowatt hours

< —used annually by various home appliances. It is claimed that a v m cl
an average oilowatt hours per year. If a random sample oé 12 %omes imcluded )
in a planned study indicates that vacuum cleaners use an average of@m
hours per_year with a standard deviation of Zilowatt-hours—does-this sugges
/ai._r.h@,level of significance that vacuum cleaners use, on average, less than 46
oL & kilowatt hours annually? Assume the population of kilowatt hours to be normal.

Use t. ppf(0.05,11) = — 1.796
t.cdf(—=1.16,11) = 0.135

W <1 \U/



Testing a Single Mean with Unknown Variance

Example 10.5: The Edison Electric Institute has published figures on the number of kilowatt hours

Solution:

used annually by various home appliances. It is claimed that a vacuum cleaner uses
an average of 46 kilowatt hours per year. If a random sample of 12 homes included
in a planned study indicates that vacuum cleaners use an average of 42 kilowatt
hours per year with a standard deviation of 11.9 kilowatt hours, does this suggest
at the 0.05 level of significance that vacuum cleaners use, on average, less than 46
kilowatt hours annually? Assume the population of kilowatt ho

riqtc L ‘ _
Hy: p = 46 kilowatt hours. igétr\a\ ? Usé 7. ppf(0.05,11) =)— 1.796
H;: p < 46 kilowatt hours. (g::«g"" J\\' t.cdf(—1.16,11) = 0.135
o = 0.05. ) ) 1390 &

. Critical region: t < —1.796])where t = fT_\/% with 11 degrees of freedom.

ilowatt hours, s = 11.9 kilowatt hours, and n = 12.

S W N

. Computations: T =
Hence,

= 22—4 —1.16,

- 11.9/V12
6. Decision: Do not reject Hy and conclude that the average number of kilowatt
hours used annually by home vacuum cleaners is not significantly less than

46. A




Testing a Single Mean with Unknown Variance

Example 10.5:! The Edison Electric Institute has published figures on the number of kilowatt hours
used annually by various home appliances. It is claimed that a vacuum cleaner uses
an average of 46 kilowatt hours per year. If a random sample of 12 homes included
in a planned study indicates that vacuum cleaners use an average of 42 kilowatt
hours per year with a standard deviation of 11.9 kilowatt hours, does this suggest
at the 0.05 level of significance that vacuum cleaners use, on average, less than 46
kilowatt hours annually? Assume the population of kilowatt hours to be normal.

SOIUtiOn: 1. Hy: u = 46 kilowatt hours. Use t.ppf(0.0S,l 1) = — 1.796
2. Hq: u < 46 kilowatt hours. [. Cdf(— 1.16,1 1) = 0.135
3. a=0.05.
4. Critical region: t < —1.796, where t = % with 11 degrees of freedom.
5. Computations: £ = 42 kilowatt hours, s = 11.9 kilowatt hours, and n = 12.
Hence,
42 — 46
t = 11.0/v12 = —1.16,

6. Decision: Do not reject Hy and conclude that the average number of kilowatt
hours used annually by home vacuum cleaners is not significantly less than

46. A



Testing a Single Mean with Unknown Variance

Using scipy for single sample t-test

from scipy import stats

import numpy as np
sample = np.array([(7.07, 7.00, 7.10, 6.97, 7.00, 7.03, 7.01, 7.01, 6.98, 7.08])

null_hypothesis_mean = 7
t_statistic, p_value = stats.ttest_lsamp(sample, null_hypothesis_mean)

print(f"T-statistic: {t_statistic:.4f}")
print(f"P-value: {p_value:.4f}")

Output

T-statistic: 1.7954
P-value: 0.1062



Testing a Single Mean with Unknown Variance

Using scipy for single sample t-test

from scipy import stats

import numpy as np
sample = np.array([7.07, 7.00, 7.10, 6.97, 7.00, 7.03, 7.01, 7.01, 6.98, 7.08])

null_hypothesis_mean = 7

t_statistic, p_value = stats.ttest _lsamp(sample, null_hypothesis_mean)
print(f"T-statistic: {t_statistic:.4f}")

print(f"P-value: {p_value:.4f}")

Output Passing the parameter:
T-statistic: 1.7954 alternative='less’
P-value: 0.1062 tests whether the mean is less than the null

hypothesis mean. (alternative="greater’ tests
whether it is greater than the null hypothesis mean)



Two Samples Tests on Means

Known Variance Case: First consider the two-sided test.

Hy . py — puy = d



Two Samples Tests on Means

Known Variance Case: First consider the two-sided test.

Hy . py — py = d

Similar to test concerning single mean. Now X; — X, Is standardized:

(X; —Xp) — d
Z:

\/Glz/nl +022/n2
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Two Samples Tests on Means

Known Variance Case: First consider the two-sided test.
Hy:p —pu, =d

Similar to test concerning single mean. Now X; — X, Is standardized:
(X] —Xp) — dy
Z —
612/n1 + 022/712
The rest Is the same as the two-sided test concerning single mean:

Reject ,if z>2z,, orz <—2z,, otherwise don't reject 1,



Two Samples Tests on Means

Known Variance Case: First consider the two-sided test.
Hy:p —pu, =d

Similar to test concerning single mean. Now X; — X, Is standardized:
(X] —Xp) — dy
Z —

0\12/711 + 022/712
\
The rest Is the same as the two-sided test concerning single mean:

Reject ,if z>2z,, orz <—2z,, otherwise don't reject 1,

For one-sided tests, we simply use one-tailed critical regions, as before.



Two Samples Tests on Means

Unknown but Equal Variances Case: Consider the two-sided test.

I'wo-Sample  For the two-sided hypothesis
Pooled t-Test

Ho: p1 = po,
Hy: pa # po,

we reject Hy at significance level a when the computed t-statistic

; (Z1 — Z2) — do
sp\/l/nl +1/n2’

where

2 s%(nl — 1) +8%(’n2 — 1)
g< —
P ny + no — 2

exceeds /2 n,+ny—2 OF 18 less than —t, /9, 4n,—2-




Two Samples Tests on Means

Unknown but Equal Variances Case: Consider the two-sided test.

IT'wo-Sample For the two-sided hypothesis
Pooled t-Test

Ho: p1 = pe,
Hy: py # po,
we reject Hy at significance level a when the computed t-statistic
L - ; - .
SP fof QSJW"\U‘JC Y Vaon k. ;o (1 — T2) — dy

rrighted-ovtrege of somple GVIm+I/m o poled stardsset
d - =

J or1en e 5 where Y— = o 0\,6\1 ; o 10N \)f

WX w?/;@%+5 o/e ’H‘p@ 2 si(ny — 1) +s35(ng — 1) estimotes +he

d(’.‘jfk@g DF Ff'e,e(jJO/V\ 9, P n1+n2_2 \/ﬂlL(\QVJ/\/ FDP\)\CA?Q/)

the  Samples: Stand ard, Jeviuti0a

exceeds ty,/2 n,+n,—2 OT 18-1€ AT =10, /2.1y +1p—2-




Other Hypothesis Testing Cases

There are many other types of tests we do not cover in detail such as,
Two samples test on means (unknown and unequal variance case)
Two samples test on means (with paired observations)

One sample test concerning variance

The background we provided here and the conceptual similarity between
testing and the confidence intervals should allow you to learn these with
iIndependent study, if there is such a need.



